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ON EXOTIC GROUP C*-ALGEBRAS 


ZHONG-JIN RUANi AND MATTHEW WIERSMA^ 


Abstract. Let T be a discrete group. A C*-algebra A is an exotic C*-algebra (associated 
to r) if there exist proper surjective C*-quotients C*(r) —)■ A —>■ C*(r) which compose to 
the canonical quotient (7*(r) — >■ C*(r). In this paper, we show that a large class of exotic 
C*-algebras have poor local properties. More precisely, we demonstrate the failure of local 
reflexitity, exactness, and local lifting property. Additionally, A does not admit an amenable 
trace and, hence, is not quasidiagonal and does not have the WEP when A is from the class 
of exotic C*-algebras defined by Brown and Guentner (see [S]). In order to achieve the main 
results of this paper, we prove a result which implies the factorization property for the class 
of discrete groups which are algebraic subgroups of locally compact amenable groups. 


1. Introduction 

There are two natural group C*-algebras associated to each discrete group F: the full 
group C*-algebra C'*(r) and the reduced group C*-algebra G*(r). The reduced group C*- 
algebra is always a canonical quotient of the full group C*-algebra and, further, the group 
r is amenable if and only if this quotient is injective. In particular, this implies the natural 
quotient map G*(r) -A G*(r) is proper (i.e., non-injective) when F is non-amenable. In 
this case, we are interested in understanding intermediate C*-aIgebras A which sit properly 
between (^^(F) and ((("(((F) in the sense that there exist proper surjective C*-quotients 

G*(F) ^ ^^^.^(F) 

whose composition is the canonical quotient from C'*(F) onto ^(((F). We call such a C*- 
algebra A an exotic C*-algehra (associated with F) and note that A is a group C*-algebra in 
the sense that there exists a unitary representation tt : F ^ B{H) such that A = CliV) = 
span{7r(s) : s G C B{H). 

Recently, exotic C*-algebras have been studied by Brown-Guentner (see [8j) and Wiersma 
(see [22]) for discrete groups and by Kyed-Soltan (see [T6|) and Brannan-Ruan (see 0) for 
discrete quantum groups. In [8], Brown and Guentner introduce an interesting class of G*- 
algebras associated to algebraic ideals D of £°°(F). These are called D-C*-algebras and are 
denoted by G^(F). Since for any 1 < p < oo, f'^(F) is an ideal in £°°(F), we can consider 
algebras G|p(F). As the G*-algebra G|oo(F) is always the full group G*-algebra G*(F) 
and G|p(F) is always the reduced group G*-algebra G*(F) for 1 < p < 2 (see |8]), we are 
mainly interested in the case of 2 < p < oo. 

It is shown by Brown and Guentner (see [8]) and Okayasu (see [19]) that for the non- 
commutative free group of d-generators, G£p(Frf) are exotic and distinct for all 2 < p < cxd. 
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It follows that if r is a discrete group containing a copy of F 2 (e.g., S'L„(Z) for n > 2), then 
C|p(r) are also exotic and distinct for each 2 < p < 00 (see [22]). The results in this paper 
apply to many interesting examples of D-C*-algebras including C'|p(r) when T contains a 
noncommutative free group and 2 < p < 00 . 

The main results of this paper apply to a much broader class of exotic C*-algebras than 
simply those of the form C'^(r). Bekka demonstrates in [5] that there are many residually 
hnite discrete groups T whose full group C*-algebra C'*(r) is not residually hnite dimensional. 
Examples include S'L„(Z) for n > 3 and S'pn(^) for n> 2. In this case, the group C*-algebra 
C^(r) arising from the hnite dimensional representations of T is exotic. These C*-algebras 
are also included in the class of exotic group C*-algebras considered in this paper. Besides 
these cases, it also includes the construction of Bekka-Kaniuth-Lau-Schlichting (see 0). 

Recall that the reduced group C*-algebra (^^(r) often has some kind of approximation 
property. For instance, a discrete group T is amenable if and only if its reduced group C*- 
algebra C*(r) is nuclear. For non-amenable groups like F^, hyperbolic groups, x SL 2 {Z), 
and their reduced group C*-algebras have the completely contractive approximation 

property (CCAP), completely bounded approximaton property (CBAP), operator approx¬ 
imation property (OAP), and exactness, respectively. It is natural to ask whether exotic 
group C*-algebras, such as C'|p(F(i) for 2 < p < cx), have any such approximation properties. 
Our results strongly imply this is not the case. Even though the main results in this paper 
are dealing with group C*-algebras, the major techniques we apply in the proofs are largely 
motivated from abstract harmonic analysis. 

This paper is organized as follows. The following section recalls some preliminary notation 
and results. In section 3, we prove a result which implies the factorization property for 
discrete groups which embed algebraically into amenable locally compact groups (Theorem 
13.2p . This result proves invaluable to us throughout the rest of the paper. The main results 
of this paper are contained in section 4. Here the class of exotic C*-algebras we consider is 
dehned and is shown to never be locally reflexive fTheorem 14.31) . thus, not exact (Theorem 
14.5p . and never to have the local lifting property (Theorem 14.7p . In the section 5, we 
conclude the paper by remarking that exotic D-C*-algebras fail to admit additional desirable 
properties for general discrete groups. More specihcally, they are shown to fail to admit an 
amenable trace (Proposition 15.2p and, so, are not quasidiagonal and do not have the weak 
expectation property fCorollary 15.3p . Since amenable groups admit no exotic group C*- 
algebras, we will primarily be studying C*-algebras associated with non-amenable groups 
throughout this paper. 


2. Preliminaries 

In this section we recall ^-representations and their associated C*-algebras as dehned 
by Brown and Guentner (see m)- These C*-algebras are an important source of examples 
throughout this paper. At the end of this section we remark on a way of viewing tensor 
products of group C*-algebras which proves useful to us in this paper. 

D-representations and C*-algebras. Let P be a discrete group and D an algebraic ideal 
of £°°(P). A (unitary) representation vr : P —>■ B{H) is a D-representation if there exists 
a dense subspace Ho of H such that the coefficient function s ha (vr(s)^,^) is an element 
of D for every ^ in the dense subspace Hq- Note that if Hq is such a subspace for a D- 
representation vr : P —)■ B{H) and a : P —)■ B{K) is any other representation of P, then 
s H-)- ((vr (g) ct)(s)^ G T) for every ^ E Hq and p E K. Hence, it follows from 
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the polarization identity that tt (8) a is also a ^-representation (see [H Remark 2.4]). We 
also note that the direct sum of an arbitrary number of ^-representations is again a D- 
representation (see [H Remark 2.5]) and, consequently, we can build a ^-representation ttd 
such that TT^) extends to a faithful ^-representation of C'|)(r) by taking a large enough direct 
sum of ^-representations. 

We can define a C*-seminorm || • on the group ring C[r] by 

||a;||£) = sup{||7r(a;)|| : tt is a ^-representation of F}. 

Observe that if F admits a ^-representation tt, then || ■ ||_d is faithful on C[F] and it dominates 
the reduced C*-norm since tt 0 A is a ^-representation which is unitarily equivalent to an 
amplihcation of A by Fell’s absorption principle. The D-C*-algebra C'|)(F) is the completion 
of the group ring C[F] with respect to || ■ H^). 

The two classes of ideals D which are most predominately studied in the literature are 
when D = cq {= Co(F)) oi D = (= £^(F)) for 1 < p < oo. Brown and Guentner observed 

that a discrete group F has the Haagerup property if and only if ^^^(F) = ^(F) canonically 
(see [HI Corollary 3.4]) and that F is amenable if and only if the trivial representation Ip 
extends to a ^-representation of G|p(F) for some 1 < p < oo (see [H Remark 2.13]). Brown 
and Guentner also observed || • H^p = || • ||p for each 1 < p < 2 (see [H Proposition 2.11]), but 
showed that for a noncommutative free group on hnitely many generators, there exists 
2 < p < oo such that |] • Wip is distinct from both the full and reduced group C*-norms 
(see [HI Proposition 4.4]). Okayasu substantially improved upon this result by showing that 
these C*-norms || • \\ip are distinct for every 2 < p < oo for (see [la Corollary 3.2]). It 
was later observed by Wiersma (see [2^ Theorem 2.4]) that if iF is a subgroup of a discrete 
group F, then C'|p(iF) canonically embeds into C'|p(F). Consequently, if F contains a copy 
of F 2 , then the C*-norms || • H^p on C[F] are distinct for every 2 < p < 00 . We also note 
that F^-C*-algebras can also be exotic group C*-algebras for non-amenable groups F not 
containing a copy of F 2 . For example, if F is a non-amenable Coxeter group, then there 
exists 2 < p < 00 such that C'|p(F) is an exotic C*-algebra (see [HI Remark 4.5]). 

Additional Remark. We finish the preliminaries by making a brief remark about tensor 
products of group C*-algebras. Let F be a discrete group. Then the algebraic tensor product 
C[F] O C[F] is equal to C[F x F] via the identihcation of s t with (s,f) for s,f G F. 
For representations tt and a weakly containing A this, in particular, allows us to view C*- 
completions of (^(((F) ©(^^(F) as being C*-completions of C[F x F] - an identihcation which 
will extremely valuable to us. 

3. The Fagtorization Property 

A locally compact group G is said to have the factorization property in the sense of 
Kirchberg (see [IH]) if the representation o'x^^p^ : G x G ^ B{L‘^{G)) dehned by 

^AG,PG(si,S2)^(t) = ^G{si)pG{s2)i{t) = i{sfhs2)^{s2f^‘^ 

extends to a ^-representation of G*{G) ©minC'*(G). Wassermann showed that if a countable 
discrete group F is residually hnite, then F has the factorization property (see m)- The 
following theorem implies the factorization property for a much larger class of discrete groups. 

Lemma 3.1. Let G be a locally compact group and {/*} an approximate identity for L^{G) 
with fi>0. IfU is a neighbourhood of the identity in G, then fi{,s) ds —)■ 0. 
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Proof. Suppose towards a contradiction that /j(s) ds 0 and let Id be a compact 
symmetric (i.e., inverse closed) neighbourhood of the identity such that C U. Then 


Wfi * ly — Ivlli > 



fi{s)lv{s H)ds 


'G 


Ivit) 


dt 


Ig\v Jv 


fi{ts) ds dt 


> m{V) inf / fi{ts) dt 
Jg\v 

0 [ fiit)dt 74 0 . 

/ Jg\u 

This contradicts the assumption that {/*} is an approximate identity for L^{G) and, hence, 
we conclude that Jq\ij fi{s) ds —)■ 0. □ 


> m(V) ( minA(s) 


Let G be a locally compact group and T an algebraic subgroup of G endowed with the 
discrete topology. By algebraic subgroup, we mean a subgroup of G which is not necessarily 
closed in the topology of G. Then Ac restricted to T dehnes a representation 

XG\r-.r^B{L\G)). 

We let G^^i^(r) = span{AG|r(s) : s E C B(L‘^{G)) denote the corresponding group 

C*-algebra. It is always the case that G*(r) is a canonical quotient of (see [S]) or, 

equivalently, that Ar is weakly contained in Aclr- 


Theorem 3.2. Let G be an amenable loeally compact group and T an algebraic subgroup of 
G endowed with the discrete topology. Then the representation : T x T ^ B{i‘^(T)) 

defined by axj.,pj.{s,t) = \{s)p(t) extends to a *-representation o/G^^|^(r) 0min 

Proof. Since G is amenable, the group von Neumann algebra L{G) is injective. Therefore the 
multiplication map from L{G) Q R{G) to B{L^{G)) dehned by a(8) 6 1—)■ a6 is continuous with 
respect to the minimal C*-norm (see [121 Lemma 2.1]). Since pc is unitarily equivalent to 
Xg and G)]^|^(r) is contained in L{G), it follows that (TAcIr.PGlr extends to a ^-representation 

of CJ^i^(r) 0„,.. into BiL^G)). 

To obtain the result, we need to show that the representation <Jxr,pr : T x T ^ ^(^^(r)) 
extends to a ^-representation of G)(^|^(r) ®min Towards this goal, dehne r: G ^ 

B{L^{G)) by r(s)/(t) := f{s~^ts)A{s). In the proof of [HI Theorem 3], Losert and Rendler 
show that for amenable locally compact groups G', there exists a bounded approximate 
identity {/j} for L^(G') with ||/i||i = 1 and fi >0 such that ||r(s)/j — /i||i —)• 0 uniformly on 
compact subsets of G'. Let {fi} C L^{G) be such a net for G and, for each index i, define 
fi = fl^"^ E Lf{G). Then, for hxed s G G, we observe that 

II^AG.PG(s,s)^i-6II2 = [ \fi{s~Hs)A{sY^^ - fi{t)\^ dt 

Jg 

< [ - (6(^))^| dt 

Jg 

= [ Y{s)fi{t) - fi{t)\ dt -P- 0. 

Jg 
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So 




^i(s hs)A(s)^''^^i(t) dt - / iiitf dt 


'G 


< lkAG,PG(S)5)^i-^i||2||^i||2 ^ 0. 


We will next observe that if si and S 2 are distinct elements of G, then ((TAG,pG)gi,5i(si, S2) —t 0. 

Note that if s G G, then {T(s)/j} is an approximate identity for L^{G) since ii g E L^{G), 
then 

lim r(s)/i *g = \im (r(s)/i -fi)*g + fi*g = 0*g + g = g. 

I I 

Let Si and S2 be distinct elements of G, choose an closed neighbourhood U of the identity 
such that SiS^^ ^ U and let V denote G\{s 2 S^^U). Then 


'u 


|o'Ag.pg(si,S2 )6(^)| dt= fi{s2 {s2S^H)s2)A{s2)dt 


'u 


Is2sGu 


>G\V 


T{s2)fi{t) dt 
T{s2)fi{t)dt 0 


by Lemma 13.11 as V is an open neighbourhood of the identity. So, taking U as above, we 
observe that 



('5U'S2) 



< 

/ (t^AG,PG(SU 52)6 W) 6(f) 

Ju 

+ 

/ (t^AG,PG(5l,S2)6(f))6(f)fff 

Jg\u 


< |<tag,pg('® 1!'^2)6(^)|^ Il'Cilh + II6II2 —)■ 0. 


Therefore, we have shown that this net of positive definite functions (c’'AG|r,PGlr)5i,?i on T x T 
converges pointwise to the characteristic function 1 a, where A denotes the diagonal of T x T. 
This shows that 1 a is a positive dehnite element in (G^^|^(r) (8)min C'^Q|p(r))*. As it is 
easily seen that crAp,pp is the GNS representation of 1 a, it follows that ciAp.pp extends to a 
^-homomorphism of G^^|^(r) (g)min G^^|^(r). 

□ 


Note that since G^^|^(r) (8)min ^AgIt^^) ^ canonical quotient of G*(r) <8)min G*(r), this 
theorem immediately implies that such groups T have the factorization property. This is a 
weaker statement than that of Kirchberg in [151 Lemma 7.3(iii)] which states the same is true 
when T embeds into a locally compact group G such that G*{G) is nuclear (e.g., GL„(R) for 
n > 2, see m Lemma 7.3(i)]). Thom demonstrated a counterexample to this statement of 
Kirchberg in [201 §3]- As pointed out by Thom, the statement’s proof falsely claims that if 
we define fx = lx/m(iL)^A ^ L^(G) for each compact neighbourhood K of the identity in 
G, then the functions (<TAG,PG)/if Jk converge pointwise to Iap- As a concrete counterexample 
and as a matter of interest in relation to the proof of Theorem 13.21 we explicitly show that 
this condition fails for the group GL2(M). 
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Remark 3.3. Consider the compact neighbourhoods 

a b 
c d 


: = 




of the identity for n > 3. Let s = 


2 0 
0 1 


and note that 


1 

a b 


a b/2 


c d 

s — 

2c d 


Therefore, 

Kn n S~^KnS = 


a b 
c d 




Recall that the Haar measure of GL2(®) is given by dt = where m denotes 

Lebesgue measure on It follows that m{Kn) is asymptotic to ^ and m{Kn H (s“^iL„s)) 


to ^ as n oo. So 






In particular {o'\c,PG)fKnJK„ converge pointwise to 1 a- 


It may be asked whether, perhaps with more careful choices of K for GL 2 {M.), one could 
hnd a subnet of (<tag,pg)/k,/k converging pointwise to 1 a- The following proposition, giving 
the converse of Theorem I3.2[ shows this cannot be the case. 


Proposition 3.4. Let G be a locally compact group and Gd he the group G endowed with the 
discrete topology. If<^XG^,PG^ extends to a *-representation of Gl^{Gd) <^mmGl^{Gd), then G 
is amenable. 


Proof. Since the representation o'Xg^,pg^ • GdXGd ^ B{i‘^{Gd)) extends to a ^-representation 
of Gl^{Gd) 0min weakly contained in Xq x \g ■ Gd x Gd ^ B{Lf{G x G)) 

and thus there exists a net of positive dehnite functions Ui of the form x ^G)fkjk 

for fk G L^{G X G) such that Ui converges pointwise to 1 a = {(^\G^,PG^)se,Se- Since the 
restriction Xq x Ad a is unitarily equivalent to an amplihcation of A a by Fell’s absorption 
principle, there exists positive dehnite functions Vi on Gd of the form Ylk=i(^G)gk,gk where 
gk G L?{G) converging pointwise to 1 g- So G is amenable by Reiter’s weak property {Pf) 
(see |2l Theorem 1] for a nice proof). □ 

Finally, we observe that the techniques used in this section give rise to a simple proof 
that a SIN group G is amenable if and only if G*{G) is nuclear. Recall that a SIN group 
is a locally compact group G which has a neighbourhood base of the identity consisting of 
compact neighbourhoods K such that s~^Ks = K for every s G G. We note that SIN groups 
are all unimodular, i.e. A(s) = 1 for all s G G. It is clear that discrete groups are all SIN. 
This equivalence between nuclearity of G* {G) and amenability of G is known to hold in more 
general contexts than SIN groups. For example, Lau and Paterson showed this equivalence 
holds within the more general class of inner amenable groups (see [m Corollary 3.2]). 

Proposition 3.5. Let G be a SIN group. The following are eguivalent: 

(1) G is amenable 
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(2) C*{G) is nuclear 

(3) C*{G) 0min C*{G) = C*{G) <8)max G*{G) canonically 

(4) extends to a *-representation of Gl^{Gd) 0min G^^(Gd) 

Proof. (1) ^ (2): This is well known. 

(2) ^ (3): This is trivial. 

(3) ^ (4): For each compact neighbourhood K of the identity which is invariant under 

inner automorphisms, dehne fx = Ik/' m{KyG ^ L'^(G). Using a similar but simpler 

argument as that used in the proof of Theorem l3.2l we will show that (<tag,pg)/x,/x converges 

pointwise to 1a- 

Observe that for si, S2 G G we have 

Kg,Pg)/x,/x(suS 2) = j lK{sfhs2)lK{t) dt 

^ j 

So if Si 7^ S2 then, by taking K small enough that S2sh^ ^ K, we have that (c’'Ag,pg)/k 
0. Further, if si = S2 then (aAG,pG)/K,/x(su ^2) = J Ixitf dt = 1. Hence, {(Tx^,pa)fKjK 
converges pointwise to 1 a as ^ {e}. It follows that uag^ pg^ extends to a ^-representation 

(4) ^ (1): This is clear from Proposition 13.41 □ 

4. Local Properties of Exotic Group C*-algebras 

In this section, we show that a large class of exotic group C*-algebras have poor local 
properties. In particular we show that these C*-algebras are not locally reflexive and, hence, 
not exact, and do not have the local lifting property. This class of C*-algebras we consider are 
those of the form G*(P) where F is a non-amenable discrete group and tt is a representation 
of F such that: 

(i) F embeds algebraically into an amenable group G, 

(ii) 71 <S) (AgIt) is weakly contained in vr. 

We will additionally stipulate that either G*(F) 7^ G*(F) canonically or G*(F) 7^ G*(F) 
canonically, depending on the theorem. Exotic group C*-algebras satisfying conditions (i) 
and (ii) are always included. 

We note that for such C*-algebras G*(F) that G*(F) is necessarily a canonical quotient 
of G*(F). Indeed, suppose that F and tt satisfy the conditions above. Then, since Aclr is 
known to weakly contain A (see [21 Lemma 2]), the representation tt must weakly contain 
the left regular representation as 1 ® Ar = tt 0 Ar -< vr 0 AgIt -< tt, where -< denotes weak 
containment. 

Though our list of criterion for G*(F) may seem a little odd at hrst, we observe below 
that it includes many interesting examples of exotic group C*-algebras. 

Example 4.1. 

(1) Suppose F is a non-amenable discrete group which embeds algebraically into an 
amenable group G and D an algebraic ideal of f'°°(F) such that G^(F) 7^ 0, i.e., such 
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that r admits a ^-representation. Then C'^(r) is such an example. Indeed, let tt be 
a ^-representation of T such that tt extends to a faithful ^-representation of C'^(r) 
or, equivalently, C*(r) = C'^(r) canonically. Then tt® AgIt is weakly contained in tt 
since the tensor product of any ^-representation with an arbitrary representation is 
a D-representation. So indeed, C'^(r) is then an example of this form. As particular 
cases of this type, we point out the following: 

(a) Let T = be a noncommutative free group on 2 < d < oo generators. Then 
ClpiV) is such an exotic group C*-algebra for 2 < p < oo since T, being residually 
hnite, embeds into a compact group (recall that residually hnite groups are 
maximally almost periodic, and maximally periodic group embed into compact 
groups, see [TOl Chapter 16]). 

(b) Let T be SLn{Z) for n > 3 or Spn{Z) for n >2. Then is an exotic group 

C*-algebra of this type since 

• T is residually hnite, 

• ^co(r) C'*(r) canonically as T does not have the Haagerup property, 

• ^co(r) 7^ C'r(r) since Co(r) contains f'^(r) for every 1 < p < cx) and T 
contains a copy of F2. 

(2) Let T be a non-amenable maximally almost periodic discrete group and be the 
direct sum of all hnite dimensional representations of T. Then T embeds into a 
compact group G and ® Aclr is weakly contained in T since Ag decomposes into 
a direct sum of hnite dimensional representations. Further, is not equivalent to 
A since contains the trivial representation. So C^(r) is an example of this type. 
It is clear that C'^(r) is an exotic group C*-algebra if and only if (^^(r) fails to be 
residually hnite dimensional. Since Bekka has demonstrated a large class of residually 
hnite groups whose full group C*-algebras are not residually hnite dimensional (see 
m, there is no shortage of examples of this type. Some examples include SLniZ) 
for 77, > 3 and S'p„(Z) for n> 2. 

(3) Let G be a locally compact group and T = be the group G endowed with the 
discrete topology. Then G*(r) 7^ C{^{Gd) if Gd is non-amenable since the trivial 
representation extends to a ^-representation of G^^(Gd) but not of G*(Gd). C*- 
algebras of this type have been studied by Bekka, Kaniuth, Lau and Schlichting 
in [5] when G is not necessarily amenable. Determining when G^^(Gd) = G*{Gd) 
canonically remains an open problem, but it is conjectured that this should hold if 
and only if G admits an open subgroup H such that Hd is amenable (see 0 Remark 
1]). The conjecture is known to hold when G is a connected Lie group (see [B]) and, so, 
this construction gives an exotic group C*-algebra, for example, when G = S'0„(M) 
for n > 3 or SUn{C) for n>2. We note that the C*-algebra G^^(Grf) is also denoted 
by G|(G) in the literature. 

We will now demonstrate the failure of local properties for this class of C*-algebras. 

Local Reflexivity. Let us hrst recall that a C*-algebra (or an operator space) A is locally 
reflexive if for any hnite dimensional operator space E and complete contraction T : E ^ 
A**, there exists a net of complete contractions Ti : E ^ A such that Tj —)■ T in point- 
weak* topology. Local rehexivity is a very important operator space local property which is 
equivalent to Property G" introduced by Archbold and Batty (see m)- We will show that 
the class of C*-algebras we are considering fail to be locally rehexive. Towards this goal, we 
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recall that locally reflexive C*-algebras satisfy the following property (see [TT], Proposition 
5.3] or m Proposition 14.3.7]). 

Proposition 4.2. If B is a locally reflexive C*-algehra, then the sequence 

0 —^ J ®min C —y B ®min C —V B / J ®niin C —>■ 0 

is exact for every closed two-sided ideal J of B and every C*-algehra C. 

Let A C B{H) be a unital C*-algebra on a Hilbert space H. A trace r on H is called an 
amenable trace if there is a state (p on B{H) such that (p\a = t and (p{uTu*) = p{T) for all 
unitary operators u E A and T G B{H). We note that the definition of amenable trace is 
independent from the choice of Hilbert space H and a trace r on H is an amenable trace if 
and only if the positive linear functional 

Pr ■ E A® A°^ ^ T{ab) E C 

is continuous with respect to the minimal tensor product norm (see [Qj Theorem 6.2.7]). 

The authors are grateful to an anonymous referee for suggesting the inclusion of the 
following Theorem which generalizes Corollary 14.41 

Theorem 4.3. Let T be a non-amenable discrete group with the factorization property and a 
a representation o/P which weakly contains X such that the canonical trace tx is an amenable 
trace of Cf(T). If n is a representation which weakly contains but is not weakly equivalent 
to X, then C*|g,^(P) is not locally reflexive. 

Proof. Since tx is an amenable trace of ^^(P), the functional on C*(P) © C'*(P)°p defined 
by a © i—)■ Tx{ab) is continuous with respect to the minimal C*-norm (see [9l Theorem 

6.2.7]). Let CT°P: G —)■ C'*(P)°p denote the representation defined by ct°p(s) = (t(s“^)°p. Since 
C*op(P) = C'*(P)°P, we then have that the map s © t ha- Tx{st~^) = lA{s,t) (for s,t E T) 
extends a bounded linear functional of C'*(P) ©min C'ctop(P). So 7ix,p, by virtue of being the 
GNS representation of 1 a, extends to a ^-representation of C'*(P) ©min C'*op(P) and, hence, 
the representation p: P x P —)■ 5(77^ © f'^(P)) defined by 

fi{s,t) = 7r(s) © X{s)p{t) 

extends to ^-representation of C*|g,^(P) ©min C'*op(P). 

Recall that since tt weakly contains A, the representation vr © a weakly contains A © a 
and thus weakly contains A since A © a is unitarily equivalent to an amplification of A by 
Fell’s absorption principle. In this case, we have Ijvr © cr(-)|| > ||A(-)|| on C[P] (see [IHl 
Proposition 18.1.4]) and thus the representation A extends canonically to a ^-representation 
^ : C'7?®a(r) ^ ^(r). Observe that ||A(-)|| > ||/i|rx{e}(-)ll on ^^^^(P) since /i|rx{e^ = 
TT © A is unitarily equivalent to an amplification of A. Therefore ker /i|rx{e} contains ker A in 
C*^^(P), and thus kerp contains ker A ©min C'*op(P) when p is viewed as a ^-representation 

ofC:^,(P) ©minC':op(P). 

Suppose towards a contradiction that C*|g,^(P) is locally reflexive. Then 

ker (A © id: ^^^^(P) ©min C';op(P) ^ C';(P) ©min C';op(P)) = ker A ©min C';op(P) 

by Proposition 14.21 and, thus, p is weakly contained in A x (T°p. So if A : P —)■ P x P is 
the diagonal embedding, then p o A is weakly contained in (A x ct°p) o A = A © cr°P = A®“ 
for some cardinal a. But p o A contains tt as a subrepresentation which contradicts our 
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assumption that tt is not weakly contained in A. Thus, we conclude that is not 

locally reflexive. □ 

Corollary 4.4. Suppose T and vr satisfy the conditions prescribed at the beginning of the 
section and that C*(r) ^ canonically. Then C*(r) is not locally reflexive. 

Proof. Let G be a locally compact group which satisfles the prescribed conditions. Since 
Xg is unitarily equivalent to A^, the functional 1 a extends to a positive linear functional of 
G^^lr(r)(8)minGp^^lr)op(r) by Theorem l3.2[ Hence, the canonical trace t\ is an amenable trace 
of G^^i^(r) (see [Qj Theorem 6.2.7]). So, with Adr playing the roll of a, is not locally 

reflexive by the previous lemma. As tt <8) Adr is weakly contained in vr and local reflexivity 
is preserved under C*-quotients, we conclude that G*(r) is not locally reflexive. □ 

Exactness. Let us recall from Kirchberg’s definition that a C*-algebra A is exact if for any 
C*-algebra B, and any norm closed two-sided ideal J B, the sequence 

0 —y A ®niin J —t A ®min B —y A (8)niin B j J —>■ 0 

is exact. It is very often (for instance, when T = for d > 2, x S'L2(Z), or SLflTX) 
for n > 2) that the reduced group C*-algebra G*(r) is exact, but the full group C*-algebra 
G*(r) is not. Indeed, it is known that if T is a residually finite discrete group, then the 
full group C*-algebra G*(r) is not exact if and only if the group T is non-amenable (see [HI 
Proposition 3.7.11]). We now show the failure of exactness in the class of C*-algebras we are 
considering. 

Theorem 4.5. Suppose T and vr satisfy the conditions prescribed at the beginning of the 
section and that G*(r) 7^ G*(r) canonically. Then G*(r) is not exact. 

Proof. This is an immediate consequence of Theorem 14.31 since every exact C*-algebra (or 
operator space) is locally reflexive (see [I3]). Alternatively, we can apply the same argument 
as given in the proof of Theorem 14.31 since the conclusion for Proposition 14.21 also holds when 
C*-algebra B is exact (see |TT1 Proposition 5.3]). □ 

Local Lifting Property. A unital C*-algebra A has the local lifting property (or in short 
LLP) if for any C*-algebra B with closed ideal J and any unital completely positive map 
if : A ^ B/J is locally liftable, i.e., for any finite dimensional operator system E A, there 
exists a unital completely positive map tjj : E ^ B such that tt o = ip\^. It is known that 
the full group C*-alegbra G*(F2) has the lifting property and thus has the LLP. We will 
make use of the following characterization of the LLP due to Effros and Haagerup (see m) 
to show failure of LLP in the class of C*-algebras under consideration. 

Proposition 4.6. A unital C*-algebra A = B/J has the LLP if and only if for any C*- 
algebra C, the seguence 

0 ^ J (8)min C ^ B (8)niin C ^ B/ J ®niin G —)■ 0 

is exact. 

We remark that in the previous two theorems we assumed that G*(r) 7^ G*(r) but allowed 
G*(r) = G*(r). Our next result reverses these roles of G*(r) and G*(r) in the sense that 
G*(r) is allowed to be G*(r) but not G*(r). 

Theorem 4.7. Suppose P and vr satisfy the conditions prescribed at the beginning of the 
section and that G*(r) 7^ G*(r) canonically. Then G*(r) does not have the LLP. 
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Proof. By Theorem l3.2l the representation cTAp,pp extends to a ^-representation of C'^dr (r)®min 
Let Tiu denote the universal representation of L. Then 7r„ (g) Adr is weakly equivalent 
to TTu since Adr weakly contains the trivial representation and, hence, the representation 
/i: r X r ^ B{Hu) 0 dehned by 

/i(s,t) = 7r„(s) 0 Xr{s)pr{t) 

extends to a ^-representation of C*(r) 0min 

Suppose towards a contradiction that Cdk) has the LLP. Then 

ker (7r0id: (Tdr) 0minC'd|p(r) C'^L) 0min C'Adr(^)) = ker7r0minC'd|p(r) 

by the above proposition. Observe that when p is viewed as a ^-representation of 0*(r) 0min 
Od|j,(r) that the kernel of p contains ker Ar0minC'dlr^^^ since /i|rx{e} = 7r^i0Ar is unitarily 
equivalent to an amplihcation of Ar by Fell’s absorption principle. Therefore p is weakly 
contained in tt x Adr by the above condition implied by the LLP since ker Ap D kervr when 
Ap and vr are viewed as ^-representations of 0*(P). 

Let A: P —)• P x P denote the diagonal embedding. Observe that p o A contains tTu as a 
subrepresentation. But (vr x Adr) o A = vr 0 Adr -< tt does not weakly contain vr^ and, so, 
we arrive at a contradiction. Therefore OdF) does not have the LLP. □ 

Remark 4.8. Let P be a discrete group and tt a representation of P. If iL is a subgroup 
of P such that is an exotic group C*-algebra of H and 7rd satishes the conditions 

prescribed at the beginning of this section, then the results of this section also apply to 
Cdr) since is a C*-subalgebra of (PdF) and local reflexivity, exactness and LLP 

are all local properties. In particular, this implies that C'|p(P) for 2 < p < oo fails to have 
these properties where P is a discrete group containing a noncommutative free group since 
C|p(F 2) embeds into C|p(P). 

Remark 4.9. We note that not every exotic group C*-algebra need lack all these properties. 
Indeed, consider the group F2 and let a = A©1 f 2- Then CdIF'2) is an exotic group C*-algebra 
and it is easily verihed that C'dF2) = C'dF2) © C. It follows that Cd®'2) has the CCAP by 
virtue of C*(IF2) having this property. 

5. Additional Remarks on T)-C*-algebras 

We hnish off the paper by remarking on a few further properties of iA-C*-algebras for 
discrete groups. We will no longer insist that P embeds inside an amenable locally compact 
group G. 

Amenable Traces. Recall that if P is a discrete group, then P is amenable if and only if 
Cdh) has an amenable trace. In fact any trace on CdF) is amenable in this case. The 
following proposition shows that this remains true when Cdh) is replaced by C'|)(P) when 
C'|)(P) d C'*(F)- This contrasts with the fact that the trace on C*(F) coming from the trivial 
representation is always amenable (see [9l Exercise 6.3.2]). 

Lemma 5.1. Let T be a discrete group (or an arbitrary set) and D an algebraic ideal of 
£°°(P). Then D is self-adjoint (i.e., f G D for every f E D). 


Proof. Let f E D and dehne g E by g{s) = sgn/(s) for s G P. Then / = fg‘^ E D 

since D is an ideal of £°°(P). □ 
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Proposition 5.2. Suppose that T is a non-amenable discrete group and D is an algebraic 
ideal of i°°(T) such that C'^(r) 7^ 0 and C'|)(r) 7^ C'*(r) canonically. Then C^(r) does not 
admit any amenable traces. 


Proof. Suppose that C^(r) admits an amenable trace r. Then the map a ^ 1 —)■ r(a6) 

extends to a state on C|)(r) ®min C'^(r)°P. Observe that if n is an /^-representation if and 
only if 7f is an //-representation since D is self-adjoint. So C'|)(r)°P = 0^(r) via i—)■ 

since for all Oi, ..., a„ G C and Si, ..., Sn G T, 


i=l 


D 


sup 


sup 


sup 


i=l 
n 

a* (^,7r(s)r7) 

i=\ 
n 

{W{s)ri, 1) 


2 = 1 


i=l 


OiSj 


D 


where the supremums are taken over //-representations tt: T —)■ and ■^,17 G with 

11 .^11 < 1 and llr/ll < 1. This in particular implies that the map 

S ®t ^ T{st~^) 


for s, f G T extends to a positive linear functional on 0^(r) ®min C'D(r). When restricted to 
the diagonal subgroup A, this function is identically 1. 

Let TT be a //-representation which extends to a faithful representation of //^(T). Then 
the above observation implies that the representation vr (8) tt of T weakly contains the trivial 
representation. Hence, vr weakly contains the trivial representation since tt (8) tt is weakly 
contained in vr. So T is amenable (see [B1 Theorem 3.2]). □ 


Quasidiagonality and WEP. Recall that a C*-algebra A is guasidiagonal if there exists 
a net of completely contractive positive (c.c.p.) maps g:>i \ A ^ Mn{i) into finite dimensional 
C*-algebras which are asymptotically multiplicative and isometric in the sense that ||(pj(a/) — 
(pi{a)Lpi{h)\\ —0 for all a,b G A and ||(pj(a)|| —?• ||a|| for every a E A. Also, recall that a C*- 
algebra A has the weak expectation property {WEP) if there exists a c.c.p. map d>: B{H) — )■ 
A** such that *h(a) = a for all a E A, where A C B{H) is some faithful representation of A. 
This property is independent of the choice of faithful representation. As a consequence of 
the previous theorem, we observe the failure of quasidiagonality and WEP in //-C*-algebras. 

Corollary 5.3. Suppose that T is a non-amenable discrete group and D is an algebraic ideal 
of i°°{r) such that C^(r) 7 ^ 0 and C^(r) 7 ^ C*(r) canonically. Then 

(i) C^(r) is not guasidiagonal; 

(ii) C'^(r) does not have the WEP. 

Proof, (i): Quasidiagonal C*-algebras are known to admit an amenable trace (see P, Propo¬ 
sition 7.1.16]). Therefore //^(P) is not quasidiagonal as it has no amenable traces. 
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(ii): It is well known that every trace on a C*-algebra with the WEP is amenable (see 
[9l Exercise 6.3.1]). Since the canonical trace on (^^(r) gives rise to a trace on C|)(r), we 
conclude that C'^(r) fails to admit the WEP. □ 
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